The exceptional group Gf

1 Presentation
Let R :=Z[a,b,ct!,d, e, f*!]. The Hecke algebra associated with G5 admits the following presentation:
Hg, = (s,t | stst = tsts, s> =as®+bs+c, t3=dt*+et+ f).

5

2 Relations

Braid relation : stst = tsts.
Positive Hecke relations : s3 = as? +bs+c, t3=dt?+et+ f.

Inverse Hecke relations : s™! =c 152 —ac's —bc™!, t7'=f"M2—df 't—ef L

3 The basis B;
Let z be the central element stst. We recall that |Z(G5)| = 6. We also set
Es = {1,s,5% 1,12, st, 5%, st? 72, t7Ls, 17 st t 7 st? )

The basis B5 consisting of 72 elements is the following;:

by, =1 big = =z by = 22 by = 23 byg = z2* bgy = 2°

b = s by = zs bag = 22s bss = 2°s bso = z%s bga = 2°s

by = s° bis = zs° bor = 2252 bsg = 2352 by = z%s? bgs = 2°s2

by = t big = =zt by = 2% byg = 2%t bsy = 2% beas = 2°t

by = t? biry = =2t? beg = 2t? by = 237 bss = z'? bes = 2°t2

bge = st big = zst by = 22st by = 23st bsy = 2z%st bgg = 2°st

by = s°t big = zs°t bs1 = 2%s%t bis = 235%t bss = 2%s%t ber = 2°s%t
by = st? byy = zst? b3y = 22st? buy = 23st? bsg = ztst? bes = 2°st?

by = s°t? byy = zs?t? bss = 225%t2 bys = 23522 by = z%s%t? bgg = 2°5%t2
bip = t's by = =zt7ls byy = 2%t 1ls byg = 237 's bss = =z ls brg = 2%t71s
by = tlst  bey = 2t st bys = 2% Tlst by = 2%t7lst bsgy = 2% lst by = 2Pt lst
bio = t7lst? by = zt7lst? byg = 22t7'st? by = 2t7lst? bgy = 2UTlst? by = 25t lst?

4 Special cases
Case 1 : s™t™zFsmenz ke {1,...,5}, my,ny € {0,1} and ma, ny € {0,1,2}.

gmagna gk gmagne — Sk gmigny gmayns

Case 2 : s™it™zFt=1st"2 ke {1,...,5}, mi,ny € {0,1} and ny € {0,1,2}.

gmigm phy—lgmna — Sk gmigni—1gma



Case 3 : zFsPt2st™, k€ {0,...,5}, p€ {0,1}, m € {0,1,2}.

2R sPE2st™ = dzZFsPtst™ 4 ezFsPHIt™ 4 foksPt—lst™,

Case 4 : Ftms%t" ke {1,...,5}, m € {1,2}, n € {0,1,2}.

ZRpmg2n = gpkgmgn 4 pRgmAn 4ok lgmdl gt

Case 5 : zFsPts™t", k€ {0,...,4}, p€ {0,1,2}, m € {1,2} and n € {0,1,2}.

2R gPtgmn = Fhtlgp—ly—lgm—1Iyn,

Case 6 : 2FsPt~1st", k€ {0,...,3}, p<c {1,2},n €{0,1,2}.

2FsPtlstn = frl R Hlgppsmln=l (L) 2R sPest 4 (— [T le) 2R s,

Case 7 : zFst='st™, k € {4,5}, n € {0,1,2}.
Pstlst? = azFtTlst™ + b2F st + ack s T st  beFTls TN 4 2dRk s
Fclezh 2l 4 o2 fRk 3 g2yntl
Case 8 : z9s™tst”, m € {0,1}, n € {0,1,2}.
225Mtst? = dZPs™MTI 4 e2PsMt T st +af2Ps™ T2 £ bf2tsmt T sttt £ acf2tsm T N
+befdz3s™ s T 4 befezds™t™ 4 bef?22sM T2t 2 fer?smtlgnt2y
+efdzts™tn Tl 4+ (—cafd)23smTHM T + (—bfd)zts™t st + abfdzts™ 1+
F02 fdz3sm Tt L2 f2dzsmHgs?intl 4 22 fPepsm A3t g2 f3smT2s2ntl
Hbc? f3zs™ T 4 (3 fgmA2gnt2,
5 The extra condition

In order to prove the extra condition, we will write 7(2%b; ') for all b; € Bs \ {1} as Z[a,b,c*!,d, e, f*']-linear
combinations of elements of the form 7(b;b;) with b;,b; € Bs. Therefore, we can show that T(zﬁbfl) = 0 for all
b; € Bs \ {1} using the entries of the matrix A, which are computed by the C++/SAGE program.

Let b; € Bs \ {1}. We first consider the case where i > 12. We write b; as z*b,,, for k£ € {1,...,5} and
b,, € &. Since T is a trace function, we have that 7(267%b-1) = 7(267FsP1¢P2) where p; € {-2,—1,0} and
p2 € {—2,—1,0,1}. Using now the inverse Hecke relations, we can write 7(26~*sP1tP2) as a Z[a, b, ct',d, e, fF1]-
linear combination of elements of the form 7(26~%s%1¢%) with q;,¢2 € {0,1,2}. Since k € {1,...,5}, we have that
20-kstigez ¢ B\ {1} and, hence, 7(257%b,-1) = 0. We now consider the case where i < 12. We have:

(2505 1) = 7(2Ptst) = 7(2%st?) = 7(bes) = 0.

T(25031) = 7(2tst?st) = 7(2*st?st?) = 7(bsebs) = 0.

(2507 = 7(2%sts) = 7(2°5%t) = 7(ber) = 0.

(25051 = 7(2tsts’ts) = T(2*s*ts*t) = T(bssbr) = 0.

(255" = 7(2°st) = 1(bes) =

(25071 = 7(2Psts™) = 7(2°t) = 7(bea) = 0.

(255" = 7(Ptst™!) = 1(2°s) = 1(be2) =

(255 ") = 7(PststTisT?) = 1(2Ptst s = 7(2Mts?t) = 7(2*s*?) = 1(bsr) = 0.
T(2507)) = 7(2Ptst?) = 7(2%st3) = 7(besba) = 0.

7(2%0) = 7(2°st?) = 7(bgs) = 0.

(2% = 71(2PststTlsTH) = 7(2Ptstst T sT) = 7(2°st) = T(bes) = 0.



