The exceptional group Gy

1 Presentation
Let R :=Z]a, bl e, d, eil]. The Hecke algebra associated with G admits the following presentation:
Hg, = (s,t | ststst = tststs, s =as+b, t°=ct?®+dt+e).
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2 Relations

Braid relation : ststst = tststs.

Positive Hecke relations : s2 =as+b, 3=ct>?+dt+e

Inverse Hecke relations : s™! =b"ls—ab™ !, t!=c 142 —ce 't —de!

3 The basis B
Let z be the central element ststst. We recall that |Z(Gg)| = 4. We also set
Eo = {1,t,t%, s, st, st?, ts, 125, tst, tst? st t*st? } .

The basis Bg consisting of 48 elements is the following:

by = 1 big = =z by = 22 by = 23
by =t by = =zt boe = 2%t bys = 23t
by = ¢ bis = =zt? by = 22 byg = 2t?
by = s big = 28 by = 23s byg = 23s
bs = st by = zst bag = 23st by = z2°st
bg = st? big = zst? bsog = z2st? byo = z3st?
by = ts big = zts b31 = 2%ts by = 23ts
by = t3s by = 2t3s by = 2%t2%s by = 23t%s
bg = tst byy = ztst bss = z3tst bys = z3tst
bip = tst? beo = ztst? bsa = z%tst? big = 23tst?
byy = t3st bys = zt3st bss = z2%t%st by = 23t%st
bio = tst? boy = zt’st? bse = 22t%st? bis = 231%st?

4 Special cases
Case 1 : t™ighipmizhemeglagne e {12 3}, 11,1y € {0,1}, my, ma,ny,ne € {0,1,2}.

tmagligna ghyma glagne — Skpma glignatma glagna

Case 2 : Ft"stst”, k€ {0,1,2}, m,n € {0,1,2}.

ZRpmgtgtn = Shtlgm—lg—lyn—1



Case 3 : Ft"st?st™, k € {1,2,3}, m,n € {0,1,2}.

Zhtmst2stt = crFtMstst™ + dzFtm st 4 aezFt st 4 abezFtm s 4 ep? gk lgmAlggntl

Case 4 : 23t™stst™, m,n € {0,1,2}.

2tMstst™ = az3tM st 4 abz3t st 4 2231 g2 4 db2 2l gntl 4 gh2e 2t

+eb3ztm T st2stn L,
Case 5 : t™st?st", m,n € {0,1,2}.

tmst?st” = —ab 2ztMstst" "2 4 b 2e 22t s st 4 (b 2ce ) 222 4 (—p La) a4

+(=b"2de ta)ztmstst™ ™t + (—btde ) 2t™st™.
Case 6 : The element z*

2t = az3tstst + bez3tst + bdz2tsts?tst + abez?ts?tst + ab®ez?tst? + bPecz?s st + b2 et st3st+
+b3edzts?t? st + able?zst?st + ab*e®zts~list.

5 The extra condition

In order to prove the extra condition, we will write 7(z%b; ") for all b; € Bg \ {1} as Z[a,b*', ¢, d, e*!]-linear
combinations of elements of the form 7(b;b;) with b;,b; € Bg and elements of the form 7(z*b,!) with r # i that
have already been calculated. Therefore, we can show that 7(z4b; 1) = 0 for all b; € Bs \ {1} using the entries of
the matrix A, which are computed by the C++/SAGE program.

Let b; € Bg \ {1}. We first consider the case where i > 12. We write b; as z¥b,,, for k € {1,2,3} and
bm € E. Since T is a trace function, we have that 7(2*~*b,1) = 7(z47FsP1tP2), where p; € {—1,0} and
p2 € {—4,-3,-2,—1,0}. Using now the inverse Hecke relations, we can write 7(2*~*sP1tP2) as a Z[a, b*!, ¢, d, e*!]-
linear combination of elements of the form 7(z*¥s%11%2) with ¢; € {0,1} and ¢2 € {0,1,2}. Since k € {1,2,3},
we have that 2*~¥s71t%2 € Bg\ {1} and, hence, 7(2*~%b.1) = 0. We now consider the case where i < 12. We have:

T(z*y ") = 7(3ststs) = 7(23s%tst) = ar(23stst) + br(23tst) = ar(baibs) + br(bas) = 0.
T(Z4b3_1) = 71z = e r(2%) — ce 77 (2Y) —de 7t (2MTY) = e r(bisbas) — ce T r(basbos) — de T r(2Mb5 ) =
= e 1 (b0ce) — ce7 (b0e*) = 0.

T(z*b7Y) = 7(ZPtstst) = 7(basbs) = 0.
T(z*b5 ") = 7(3stst) = 7(2Ptsts) = T(basbs) = 0.
T(z*bg ") = 7(3t7 1 stst) = 7(28sts) = 7(baobr) = 0.
(27 = 1T =M s = 1(2Mh ) =
T(z*%gh) = TS =7 2T =12 =0
T(z4b§1) = T(z4t_1 Y = (2% = T(z4bg1) =
T(z%y) = T IS =M s = et (2ts T —ce T2t s TY) —de i (M) =
= e 'r(Z*) —ceTir(2thg ) —de (2t t) =0
(') = rMTsTH ) = (M s ) = 1(2%hyy ) = 0.
T(z*) = 1% IS =M sT) = e (2t s T —ce T (2 25T —de (2t s =

= e (2 t) —ceTir(2thg ) —de T tr (22T TY) = —de (M) =



